EECS 16A Designing [nformation Devices and Systems |
Fall 2022 Final

| Final Solution |

General Notes

* This exam has a combination of multiple choice questions and fill in the blank.

* This exam will mostly be autograded. You must adhere to the following format to receive full credit:

— For fill in the blank questions, legibly write your final answer entirely in the provided boxes.

— For questions with circular bubbles, select exactly one choice, by filling the bubble @.
(O You must choose either this option. (O Or this one, but not both!

— For questions with square boxes, you may select multiple choices, by filling the squares H.
0 You could select this choice. 0 You could select this one too!

1. HONOR CODE
Please read the following statements of the honor code, and sign your name (you don’t need to copy it).

I will respect my classmates and the integrity of this
exam by following this honor code. I affirm:
* [ have read the instructions for this exam. I under-
stand them and will follow them. -
L
|-

o All of the work submitted here is my original work.

* [ did not reference any sources other than my un-
limited printed resources.

* [ did not collaborate with any other human being
on this exam.

2. Tel us about something you are looking forward to this winter break. (1 point) All answers will be
awarded full credit.
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3. Least Squares (13 points)

(a) (4 points) Consider the system of equations dx = b where Zz,z € R? and x € R. When applying least
squares, we want to find the v € span(d) that is closest to b in Euclidean distance.

Hint: It might be helpful to draw the vectors.

i. When solving for vector v, which of the following operations are required?

ii.

(b) (2 points) For the following systems of AX = b, determine if they have a unique least squares solution.

Projecting b onto @
Projecting @ onto b
Subtracting b from @

Subtracting d@ from b

OO0O00 e

None of the above

Solution:
Projecting b onto d.
When we are finding v, or the best approximation of b in the span of @, we project b onto d.

The vector V can also be determined by minimizing the length of the error vector, represented as

O V= argmin||@—b||

b

O V= argmin||d — V||
Vv

O V= argmin||b— V||
b

@ V= argmin||b— ¥
v

Solution:
V = argmin||b — V||

v
In the least squares problem, we minimize the length of the error vector, €, defined as the difference
between the known vector b and the span of possible vectors dx = V. Thus the error vector is
€ = b —V. And the vector V is the minimization argument.

11 1
i A=13 4|, =12
00 3

@® Yes
O No

Solution:
Yes. There is a unique least squares solution since A has linearly independent columns.
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1 4 2
. A=1|3 12|, b=|5
2 8 6
O Yes
® No
Solution:

No. There is not a unique least squares solution as A does not have linearly independent columns.
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(¢) (3 points) For the following three questions, consider the system of AX = b with A = [1 1] and

0
010
- 3
=13
i. Can we apply the least squares formula?

O Yes
® No

Solution:
No. The fat matrix A does not have linearly independent columns. Additionally, A”A is not

invertible since its determinant is zero.

ii. What is the determinant of AT A?

det(ATA) =

Solution:
1 0 1
ATA=10 1 0
1 01
1 0 1
det(A"A) =det| |0 1 0] | =0
1 0 1

The zero determinant can be inspected since A”A is not invertible (i.e., not full column rank, not
linearly independent columns).
iii. (1 point) Does AX = b have zero, one, or more than one solution for x?

(O No solutions
(O One unique solution

@ More than one solution

Solution:
More than one solution. There are less equations (rows) than unknowns (columns).
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(d) (4 points) Find the best approximation x = £ to this system of equations:
aix = by

arx = b2

i. Write the problem into AX ~ b format and solve for £ using least squares. Choose the correct £.

°® )e:alb1+azb2
a%+a§

O . a1by —axby
e a%+a%
O )e:ale‘f‘azbl
a%—l—a%

O . aiby—aby
= a%+a%

(O None of the above

Solution:

_a 1b1 +axby
ai + a3
.. . . . . 712 0 .
ii. Suppose the inner product is defined instead as a non-Euclidean (x,y) = x 0 117 Which of

the following expressions must be true with respect to the minimized least squares error vector, &7

O éTA=0

(O None of the above

Solution:

The least squares error, €, is minimized when it is orthogonal to every column of A (i.e., colspace(A)).
Orthogonality occurs when the inner product (in this case the non-Euclidean inner product) of two
vectors is zero.

Mathematically, (d;,é) = O for every column @; of A. Thus, AT [3 (1)] é=0.
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4. Autocorrelation (10 points)

Let’s define the autocorrelation of a vector ¥ € RV. Recall a zero-padded discrete-time signal is

X, 0<n<N-1
x[n] = .
0, otherwise

The autocorrelation of ¥ is then defined as the correlation of X with itself, or

oo

autocorr(¥)[k] = corrz(¥)[k] = Y x[n]x[n— k]

n—=—oo

(a) (4 points) For the following problems, select the statements that are always frue given the provided
assumptions.

i. Assumption: All entries of X are positive, i.e., x,, > 0 for all indices n. (Select all that apply.)
B autocorr(¥)[0] = ||%]|°
B autocorr(X)[k] > O for all k
[0 There exists some k where autocorr(X)[k] < 0
B autocorr(X)[k] = autocorr(—Xx) k] for all

Solution:

1) True.
At k =0, the correlation of a vector with itself is equivalent to its norm squared.
autocorr(¥)[0] = (%,%) = ||¥||*.

2) True.
Since all elements of X are positive, every inner product of X with a shifted version of itself
must also be positive.

3) False.
Mutually exclusive with choice b).

4) True.

autocorr(—X)[k] = i (—x[n])(—x[n—k]) = i x[n]x[n — k| = autocorr(X) k]

Nn——oo n——oo

ii. Assumption: In addition to x, > 0, let y = X for o € R. (Select all that apply.)
[0 autocorr(¥)[a] = autocorr(X)[— o]
[0 autocorr(y)[k] = autocorr(X) [k] for all k

B autocorr(y)[k] = o? - autocorr(¥) k] for all k
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B corry(X)[k] = o - autocorr(X)[k] for all k

Solution:
1) False. The scalar ¢ does not function as an integer index k of the autocorrelation.

2) False. Would only be true if ov = 1, but not for all arbitrary «.

oo oo

autocorr(y Z y[n Z (ax[n])(ax[n —k]) = o? Z x[n

= o - autocorr(¥) [k]
# autocorr(X)[k] for a#1

3) True. See solution for choice b).

4) True.

oo oo

corry(X Z y[n Z (ax[n])x[n—k| =« Z x[n]x[n—

nN=——0o0 Nn——o0 Nn——oo

= o - autocorr(X)[k]
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(b) (2 points) In this question, you will be plotting a signal by filling in bubbles on the graph. The example
below shows you how to plot z[n] = 1.

2o o o o o o o
e © o o o o o
= 0/0 0 0 0 O O ©
-1fo o 0o 0 0o O O
2[00 0 0 0 0 0
3 210 1 2 3

n

Now, suppose we have an arbitrary vector X with the following two properties:
—
X =1

ii. X is orthogonal to any shifted zero-padded version of itself.

Plot autocorr(X) [k] as a function of k. To do so, fill in the values of autocorr(X) k] for k = —3,..., 3.
200 O 0 O O O O
= 110 0 0 0 O 0 ©
% ofo © 0 o o0 O O
i 4lo 0 0 0 0 o o
20 ©o 0 0 O O O
3 2 1 0 1 2 3
k

Solution:

If X is orthogonal to any shifted version of itself, then the inner product of X with any shifted version
of itself must be zero. An autocorrelation of X, by definition, at each index k is an inner product of ¥
with ¥ shifted by k. Thus autocorr(X) [k] = 0 when k # 0.

Finally, since ||%]|* = (%,¥) = 1, then autocorr(¥)[k] = 1 when k = 1.

2,,
=
= I
= 0+—e ° ° ° ° —
g
5 17
5]
_2”
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(c) (4 points) For each of the following signals, select its autocorrelation plot.

i. (2 points) X plotted below

3,
2t
=
) | [ [ [
Oe ® ® ® ® ®
—1 ; ; ; ; ; ; ; |
-4 -3 -2 -1 0 1 2 3 4
n
O O
4 4
= 3 = 3
T 2 T 2
o o
S 1 S 1
o @]
—1 ! : : : : : : ‘ —1 4 : : :
-4 -3 -2-10 1 2 3 4 -4 -3 -2-10 1 2 3 4
k k
o O

autocorr(X)[]
_ O = N W BN
—
—
—
+ e
autocorr(X)[k]
O — W A
—
—
—
—e
°

|
N
(.
w
|1
)
|1
—
OAA
p—
&}
W
N
|
N
|1
w2
|1
)
[ 1
—_
o
—
&}
w
N

autocorr(X)[]
autocorr(X)[k]
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Solution:
Evaluate the autocorrelation of X at each index k

oo

awtocore(9)-3] = ¥ s+

autocorr(®)[~2] = ¥ xllxln+2]

autocorr(¥)[— 1] = nimx[n]x[n +1]
autocorr(F)[0] = Y x{n]x[n]
autocorr(¥)[1] = ) x[n]x[n—1]

autocorr(¥)[2] = ) x[n]x[n —2]

autocorr(X)[3] = Z x[n]x[n — 3]

autocorr(X)[k]
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x[n— 1], as shown below.

ii. (2 points) ¥ is a shifted version of X such that y|n]

3 2 ]

—4

O

O

<t on

rrr..

[¥](£)110001NE

P11t

[¥](£)110001NE

4 -3 -2 -1 0

<t AN = O o~

4 -3 -2 —1 0

AN — O

2

1

2

1

O

<t 0 AN — O

) () s020me

H

[¥] (£)110001N®

3

4 -3 2 1

2

1

0

2

1

0

O

<t o

[¥](£)110001NE

(O oo0me

43210

<t AN = O

4 -3 -2 -1 0

AN — O

2

1

2

1

11
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Solution:
Evaluate the autocorrelation of y at each index k. Has same solution as part c.i.

autocorr(y)[—3] = i y[n]y[n+3]

autocorr(5)[~2] = ¥ ylnly[n+2]

n——oo

=(1)-(0)+(1)-(0)+ (1) (0)+ (0) - (1) +(0) - (1) + (0) - (1)
=0
4,,
= 3 *
é 2+ ® ®
&
2 1+ ® ®
e 0 ® ® 0
Ll
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5. Eigenstuff (10 points)

1 04 0.7 l-«a 0.4 0.7
(a) (4 points) You are provided the matrix A= [0 0.6 0.2], and matrix B= 0 06—« 0.2
0 0 0.1 0 0 01—«

where o € R. If there exists a vector ¥ € R? such that B¥ = 0 and X # 0, which of the following are
true? (Select all that apply.)

B rank(A) =3
X is in the null space of B

X is in an eigenspace of B

X is in an eigenspace of A

Solution:

1) True. Notice that matrix A has three pivot columns, so that the rank of A is 3.
2) True. B = 0 follows the definition of the null space.

3) True. Given the fact that there exists a vector X such that BX = 0 and ¥ # 0, we have Bx = 0 = 0%
and X # 0. Therefore, X is in the eigenspace of B that associated with eigenvalue A = 0.

11—« 0.4 0.7 1 04 0.7 a 0 0
4) True. Given A and B, we have B = 0 0.6—o 0.2 =10 06 02|—10 a Of=
0 0 0.1 -« 0 0 0.1 0 0 «o

A — ol Since B¥ = (A — al)¥ = 0, we have AX = aX. Therefore, ¥ is in the eigenspace of A that
associated with eigenvalue A = «.

1 04 07
(b) (2 points) You are given that one of the eigenvalues of A= |0 0.6 0.2| is A = 1. Determine one
0 0 0.1
possible eigenvector V.

-1
O v=11
|0
1
O V=12
|1
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2
® V=0
0
[0
O v=|-1
2

Solution:
Check if each vector V is an eigenvector associated with the eigenvalue A = 1 by evaluating AV = AV.

1) Vis an eigenvector, but associated with the eigenvalue A = 0.6 and not the desired eigenvalue of

A=1.
1 04 07| |—1 —0.6
Av= 10 0.6 0.2 1| =1]106|=06Vv#1-V
0 0 0.1 0 0
2) Vis not an eigenvector.

1 04 07| |1 2.5

Av=10 0.6 02| (2| =|14|#AV
0 0 O0.1] |1 1

3) Vis an eigenvector associated with the desired eigenvalue A = 1.

1 04 07| |2 2
AVv=10 0.6 02| [0 = |0 =AV
0 0 0.1] |0 0
4) Vis not an eigenvector.
1 04 07 0 1
Av= |0 0.6 02| |—1|=|-02]| #AV
0 0 0.1 2 2
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0.2 0.8 0.2 1
(c) (4 points) Now you are provided a third matrix C= [ 0 0.4 0.2 with eigenvectors v; = [0],
0 0 08 0

2
Vo= |1|,and V3 = |1|. Matrix C is transition matrix where X[r + 1] = CX[r]. Additionally, the state
2

8
vector at timestep t = 1 is X[1] = | 1|. Answer the following two questions:
4

i. Is this system conservative?
O Yes
® No

Solution:
No. The system described by the state-transition matrix C is not conservative since the elements
of every columns do not sum to 1.

ii. After infinite timesteps, what is the value of the state vector X[¢]? That is, find lim X[t].
t—roo

T

llm)_é[t] = 5 >
t—roo

Solution:

The matrix C is upper triangular, thus the eigenvalues can be determined from inspection as its
diagonal elements: A; = 0.2, A, = 0.4, and A3 = 0.8. A quick check of AV; = A;V; for each i
assures these eigenvalues are correctly indexed with their corresponding eigenvector.

The initial state vector X[1] can be decomposed as a linear combination of the three eigenvectors
as X[1] = aV| + B v, + yVs since the eigenvalues are distinct. Then the steady-state value of X[¢] is
evaluated using some eigenvector to eigenvalue simplifications.

lim X[t] = lim C'X[1] = lim (C"-(aVi+ B+ 7)) = lim (QA{V1 + BAST, + YAST;)

t—yoo t—ro0
= lim (a(0.2)'V + B (0.4)'% + 7(0.8)"¥3)
—>00
lim X[1] = 0

t—oo

Finally, since all eigenvalues have magnitude less than one, the value of the state vector as ¢

0
approaches infinity is limX[t] = [0].
f—ro0 0
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6. Modeling Weird Capacitors (7 points)

For parts (a) - (c) of this problem, pick the circuit option from below that best models the given physical
capacitor.

Option 1 Option 2 Option 3 Option 4
T o
- !—T—\ EL
C G G __ G
—_ G \—l—l —__ G
— |

{

(a) (2 points) A parallel plate capacitor with plate dimensions L and W, separated by a gap D, is filled with
an insulator of permittivity &;, with the bottom plate displaced with overlap W as shown below. You
canassume W < Land D << W.

D |

7w

W !
L

i. What is the circuit option that best models the physical capacitor?

O Option 1 (O Option 2 O Option 3 @® Option4
ii. What is the total capacitance, C, for this capacitor? Express your answer in terms of €;, D, L, and
w.
C=

Solution: Option 4, where
w-w

C=C=¢
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For convenience, here are the circuit options again.

Option 1 Option 2 Option 3 Option 4
T o
— fTﬁ o
C —__ G
— 0 ‘Ll_l — G
— |

1

(b) (1 point) A parallel plate capacitor with plate dimensions L and W, separated by a gap 2 - D, is filled
with two insulators of permittivities £ and &, as shown below. You can assume there’s a plate between
the two dielectrics. What is the circuit option that best models the physical capacitor?

@ Option 1 T
(O Option 2
P D €1
O Option 3 1
DJ €2
O Option 4 i /_/ W
L
Solution: Option 1, where
L-W ge¢
C=C||C, = =~ 1=
D g +&

(c) (1 point) A parallel plate capacitor with plate dimensions L and W, separated by a gap 2 - D, is filled
with three different materials with permittivities €, &, and €3 as shown in the figure below. You can

assume there’s a plate between the two dielectrics on the right. What is the circuit option that best
models the physical capacitor?

O Option 1 T R
D

(O Option 2 = I
@ Option 3 €3 D

€9 v

O Option 4 /_/ w

Solution: Option 3, where

L-W €& L~W82_L‘W'82 31+ &

C=(Cl]|C) +C3 = _
(Glic)+6 D g+te 2D 2D g +e&
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(d) (3 points) For this final part, please express the equivalent capacitance, C,, between the top and
bottom node for each of the following circuits from the previous parts. Feel free to include the parallel
operator (“ll'") in your answer.

1. Option 1

T

— G

Ceg =
— G

T

Solution: C = C||C,

ii. Option 2

Ceq = G &)

i

Solution: C,, =C;+C,

iii. Option 3

}

C
Ceq = G

Solution: C,, = (C||C2) +C3
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7. Op-Amp Analysis! (10 points)

(a) (6 points) We want to find a relationship between the output voltage, V,,,, and the input current, I, in
the circuit below.

VO ut

b CD Ry y, K

i. Determine the node voltage V, in terms of /;, R, R», and R3.

Vo=

ii. Determine the node voltage V;, in terms of /;, R, R», and R3.

V=

iii. Choose the correct expression for the output voltage V,,,, in terms of I, V;,, R, R», and R3.
R
O Vout = (1 - 3> 'Vh _Is 'Rl
R,
O Vout = Vh

R

® V,, = (1+3>-vh—ls-R3
R,

R+ Ry

O Vout = R2

Vi

R
Q Vout = <1_R3> 'Vb_Is'(Rl +R3)

2
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Solution:

[AS Vo'ut

After affirming the op-amp circuit is in negative feedback, we can apply both Golden Rules: uy = u_
and i, =i =0.

1. First, the node voltage at V,, is identified as
Va =U_=Uy = 0

ii. Second, the node voltage at V}, is determined by writing a KCL equation at node V.

Li—i_ — R =0
Vi

IL+—=0
S+R1

Vi, = —I,Ry

iii. Third, the output voltage, V,,;, is determined by writing a KCL equation at node Vj,. A simplifica-
tion can be made by recognizing the current through resistor R; is ;.

Vb Vb - Vout

[——————=0
R, R3

Vou _ Vi @_I

Ry R, Ry °
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(b) (4 points) Now, we will connect a set of capacitors to our previous circuit with an initially open switch
S, as follows:

Vout >{

Now assume the output voltage is V,,; = 5V. Also, assume the capacitors C; = 4uF, C; =2uF, and
C3 = 3UF are initially discharged. In steady-state after switch S; is closed, determine the following
quantities. Please provide numerical values for your answers.

i. What is the energy stored in capacitor C;?

EC1 = [.LJ

Solution:
In steady-state the voltage across capacitor C; will be V¢, =V,,, = 5V. The energy stored in
capacitor C; is then

1 1
Ec, = 5clvg1 = §<4“F)(5V)2 =50u)

ii. What is the charge accumulated on capacitor C3?

Oc, = uC

Solution:
Since capacitors in series have equal charge, we first find the equivalent capacitance of C, and Cs.
GG (2uF)(3pF) 6

»=0lG= e = o+ o) 5"
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Next, the charge in the equivalent capacitor (and each constituent series capacitor) is

6
QC23 = C23V0ut = <

3 pF) (5V)=6uC
- QCz - QC3

iii. What is the voltage across capacitor C3?

Ve, = \%
Solution:
The voltage in capacitor C3 is derived from the charge across it.
6uC
Vey = 20 _ OO _ oy
C;  (3uF)

EECS 16A, Fall 2022, Final
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8. Finding Mr. Thevenin (10 points)

23

For the following circuits, find the Thevenin and Norton equivalent resistance, voltage, and current between

the nodes a and b.

(a) (5 points) Consider the circuit below:

3Q

e

2A 6Q

i. Can you turn off V; (5V voltage source) and I; (2A current source) to find R;;,?

® Yes O No

ii. What is R;;,?

® R,=20
O Ry=3Q
O Rp=45Q
O Ryp=6Q
O Ry=9Q

iii. Whatis V;,?

O Vi =0V
O V=2V
O V=3V
O Vip=4V
® V,=6V

iv. What is 1,,,?

O I, =0A
O 5L,=067A
O Lo=1A
O Lp=2A
® /,=3A
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Solution:
There are multiple ways to solve this problem, but fundamentally after determining two of Ry, V;j,, or
L,,,, the third can be determined from Ohm’s Law: V;;, = L, R;,.

i. Yes. Since V=3V and I; = 2 A are both independent sources, they can be turned off to determine
the Thevenin resistance R, or equivalent resistance between nodes a and b.

ii. To find R,;, we turn off independent sources (V — short circuit and / — open circuit) and deter-
mine the equivalent resistance.

3Q

6Q

.. | )

For this circuit, the two resistors 3 and 6 are equivalently in parallel with respect to nodes a
and b.

(39)(62)

(3Q)+(6Q) =20

Ry =39/|6Q =

iii. Using superposition, we can find the open circuit voltage (i.e., V;;) between nodes a and b
3Q

(6Q) (3Q)
Vin=Voe= 57— Vi +(6Q) ————=L=2V+4V =6V
iv. Using superposition, we can find the short circuit current (i.e., ,,) between nodes a and b
3Q
X4
3V C_D 2A 6Q \ =
o . b

1
Ino :ISC = @Vs—i—ls: 1A+2A:3A
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(b) (5 points) Consider this new circuit with a current-dependent voltage source (that depends on I, the
current through the 3 Q resistor): V, =3Q- I, [V].

Hint: To find Ry, you will need to use a test voltage V.5 (0or test current) and find the relationship to
its current .5 (0r voltage).

6Q

& od

i. Should you turn off V; to find R;;,?
O Yes ® No

ii. Whatis R;,?

O Ry =2Q
® R,=3Q
O Rp=45Q
O Ry =6Q
O Ry =9Q

iii. What is V;,?

® V,=0V
O V=2V
O V=3V
O V=4V
O Vin=6V

iv. Whatis ,,,?

® /,=0A

O L,=0.67A

O hLo=1A

O Lo =2A

O Lo =3A
Solution:

There are multiple ways to solve this problem, but fundamentally after determining two of Ry, Vi, or
L,,,, the third can be determined from Ohm’s Law: V;;, = L, Ry,.
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i. No. In general, turning oftf dependent sources to determine the equivalent resistance does not
work.

ii. Since there are dependent sources, we need to apply a test voltage (or current) source across
terminals @ and b and measure the current (voltage) through it. Then we can use Ry, = Vies/Liest
to determine the Thevenin resistance.

First, the current /, through resistor R, = 3Q is

o Viest

I
X R,

thus the voltage V, of the current dependent voltage source is

3
Vx = 3Ix = EW@SI

Defining the resistor R, = 6, a KCL equation can then be written at node b and solved for %

Ve —Vies
= e _Ix+Itest =0
Yy

1 3 1
R7y (vatest - Vtest) - Rixvtest +Itest =0

(3 —R,— Ry) Viest +Rny Liest = 0

Finally,
Ry = Viest _ Rny
Itest Rx + Ry -3
__ (39)(69)
- (3Q)+(6Q)-3
=3Q

iii. We have no independent sources, therefore the open circuit voltage and short circuit current are
both zero: V;, =0V, I,, = 0A.

iv. We have no independent sources, therefore the open circuit voltage and short circuit current are
both 0: V;, =0V, I, = 0A.
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. Non-Isotropic World (7 points)

You are an astronaut living in a colony on a distant planet. After some exploration you have gotten lost and
are now trying to trilaterate your location (x,,,y,) using received signals from beacons with known locations.
However, on this particular planet radio waves propagate two times faster in the x-direction (latitude) than
the y-direction (longitude).

(a) (1 point) The first distance reading is received from Beacon A, located at (x4,y4) = (1,6), showing
‘Distance from Beacon A = 10°. Thus, the elliptical equation governing the 1% beacon is

(=12 G-6p

= 10?
4 1

20 5

15 1

10 +

—10 +

—15 +

—20 ! ! ! ! ! ! ! ! ! |
-25 =20 —-15 -—10 -5 0 5 10 15 20 25

From the information provided by Beacon A, how many possibilities exist for your location?

@ Infinitely many possibilities
(O Two possible locations

(O One possible location

Solution:

Infinitely many possibilities. You lie somewhere along the circumference of the ellipse % +

00 — 100.
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(b) (1 point) You then receive a second reading from Beacon B, located at (xg,ys) = (1,—6), showing
‘Distance from Beacon B = 10°. Thus, the elliptical equation governing the 2nd beacon is

(=12 0+6p

= 10?
4 1

From the information provided by Beacon A and Beacon B, how many possibilities exist for your
location?

(O Infinitely many possibilities
@ Two possible locations

(O One possible location

Solution:

Two possibilities. The circumference of the two beacons intersect at two possible locations for the
MOONCOW.

10 15 20

(c) (1 point) You receive a third reading from Beacon C, located at (x¢,yc) = (—1,0), showing ‘Distance
from Beacon C = 9’. Thus, the elliptical equation governing the 3rd beacon is

(x : 1)? +y12 g2
From the information provided by all three beacons, how many possibilities exist for the your location?
(O Infinitely many possibilities
(O Two possible locations
@ One possible location
Solution:

One possibility. The circumference of each of the three beacons intersect at one possible location for
the mooncow.
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(d) (4 points) Use the elliptical equations from Beacons A, B, and C. For your convenience, here they are

again:
-1 2 A2
)
(x—1*  (+6)* 2
=1
4 + 1 0
(x+1)7 ﬁ:92
4 1

i. How many unique linear equations are necessary to determine your location (X, v, )?
(O One linear equation
@ Two linear equations

(O Three linear equations

ii. Derive a possible set of linear equations that can be used to solve for your location.
(There are multiple correct answers, you only need to select as many equations as you think are
necessary to successfully calculate your location)

Hy=0 U x+y=24 O —2x+4y=9

O x=0 O x—y=24 W x+12y=17

O x+48y=0 0 2x+4y=9 W x—12y=17
Solution:

There are three correct unique linear equations, and only two of them need to be selected for full credit.
Distribute and expand terms in equations A, B, and C

—1)2 —6)2 1 1 1
(-1 (-6 2 x4 -+y*—12y+36=100

=100 — -
1 T 4 T 2' T,
(x—1)%  (y+6)* 1, 1 |
=100 - — —x+ - 12y +36 = 100
n + 1 — 7" 2x+4+y+ y+
(x+1)2 2 1, 1 1
Tt 81 — 75 gty 8

Subtracting equation A from equation B yields

1, 1 1
A x4 12 —1
i 2x+4+y +12y+36 =100
1 1 +1+2 12y + 36 = 100
gt Tt Ty AT =

24y=0 — y=0
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Subtracting equation A from equation C yields

1, 1 .1
X4 x4 +y =81

47 T2 g
e 1+1+2 12y 436 = 100
gt Tt Ty AT =

x+12y—-36=—-19 — x+12y=17

Subtracting equation B from equation C yields

1, 1 1
X+ x+ - +)y* =81

47 T2y
le_ 1 +1+2+12 136 =100
gt Tt Ty Ay Toh =

x—12y—-36=—-19 — x—12y=17
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10. Orthogonal Space (13 points)

Let ¥ be a vector in R?, where R? has an inner product. We define W to be the set of all vectors orthogonal
to v, i.e.
w={w| (¥ w)=0} (1)

(a) (4 points) In the paragraph below, select the best choice for each blank to complete the proof showing
that W is a subspace:

First, we need to show that the set contains the zero vector. We see that <17',6> = 0, so this condition

is fulfilled. Next, we need to show that the set (1) . Suppose we have X,y € W, then
2) , so this condition is fulfilled. Finally, we need to show that the set (3)
Suppose we have a € R and X € W, then (4) , so this condition is fulfilled. Therefore the

set is a valid subspace.

(1) O is closed under scalar multiplication ~ (2) O (#2375 =0
[ ) %s closed under vector addition O 7,3 = (7,5)
(O is homogeneous L . L
O is non-empty O (F+xy) =X+ (7,y) =0
O fulfills superposition ® (Vxi+y) =X+ ¥y =0
(3) @ isclosed under scalar multiplication  (4) @ (V,aX) = a(V,X)=0
(O s closed under vector addition O (av,af) = a{i,®) =0
O is homogeneous e e
O is non-empty O (ai'¥,0) = a(i"X,0) =0
(O fulfills superposition O aX)=a-0
Solution:

In order, the correct choices are b, e, a, a.

First, we need to show that the set contains the zero vector. We see that (17,6> = 0, so this condition
is fulfilled. Next, we need to show that it is closed under addition or scalar multiplication. However,
since the proof first assumes that suppose we have X,y € W, this implies that we are doing closure
under addition first, so we choose b for [1]. Then (V,X+¥) = (V,X) 4 (V,y) = 0 to show that it is closed
under addition, so we choose e for [2]. Then we need to show scalar multiplication for [3], so we
choose a. For [4], we have (V, aX) = o (V,X) = 0, so we choose a.
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(b) (9 points) Now suppose the inner product is defined as (¥,y) = ¥’ Q¥ for Q € R?*2,

i Ifv= [_1 J and we still define subspace W to be the set of all vectors that are orthogonal to ¥
from part (a), which of the following options is a basis for W if the matrix Q = ﬁ ﬂ ?
-2 1 3 1 2
ofF] ol o]  off  off
Solution:
Plugging in X = V into the inner product (X,y), we get:
2 1 2 1
T o> . hal _ . Y1 .
X [1 4] y= [1 1] [1 4} [)’2} [1 3] L/Z] yi—3m 2)
Therefore, we just need to find all y;,y, where (V,¥) = y; — 3y, = 0, which means that y = « [_13]

for some scalar o € R. Therefore the basis for W is [ﬂ .

ii. What are the necessary properties for a valid inner product? (Select all that apply.)

M positive definiteness M linear

[ closed under scalar multiplication (1 non-empty

[ closed under vector addition B symmetric
O

[J quadratic contains the zero vector

Solution:

A valid inner product is positive definite, linear (i.e., satisfies additivity and homogeneity), and
symmetric (commutative).

A vector space is closed under scalar multiplication, closed under vector addition, and contains
the zero vector. Although an inner product is an operator applied to a vector space, it is not a
vector space itself, thus these properties necessary for a vector space are not correct choices.

iii. Which of the following choices of matrix Q results in a valid inner product (%,y) = ¥’ Qy?
(Select all that apply.)
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-1 0 1 =2 15 0 10
S COE N Y N (| LA
Solution:
The general form of this inner product (X,¥) = ¥’ Q5 is linear.

(o) + B2, ) = (axy + Bis) QY
(¥170¥) + B (»"05)
(%1, 9) + B (%, )

(04
(04

thus we only need to verify each answer choice is both symmetric and positive definite. If the
matrix Q is symmetric (or not), then the inner product is symmetric (or not). To test positive
definiteness, we inspect if (X,X) > 0 for vectors X # 0.

1) Not a valid inner product. Although [ 0

0] . ) ) . ..
3] is symmetric, the inner product is not positive
definite since

L —1 0
w0 =fa x| 3] [ = -ead

which is negative when x; > V3x,.

2) Not a valid inner product. [1

18 not symmetric.
0 1 } Y

0 0
semi-definite (but not positive definite) since

o 15 0
(X,%) = [xl xz] [0 0} [ﬁj = ISx%

which is always positive for x; # 0 and x, € R. To be positive definite, the inner product (¥, )
must be strictly positive and can only evaluate to 0 when X = 0.

3) Not a valid inner product. Although [15 0} is symmetric, the inner product is positive

4) Not a valid inner product. E 8} is not symmetric.
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11. Mixed signals? (9 points)

Your friend set up an experiment to track the chest position while breathing in real-time by using an ac-
celerometer placed on their chest while laying down. To their surprise, they were able to also capture some
cardiac signal on top of the breathing!

They were also able to collect some (noisy) data for two heartbeat periods:

t |y
1 100 |3.00 3| |
2 102 ]3.04 ¥ a3
3104|245 5| ,' |
4106|296 K
>‘ - I’\\ ’
5108 3.11 N R
6 | 1.0 | 275 L B )
7 112 245 NN
8 | 14 | 257 ol | ¥ M‘;jls“fi“;ms RN i
_— ode Ns
9 16 200 I I I | | | | | | | |
10| 1.8 | 1.17 05 0 05 1 15 2 25 3 35 4 45 5 55

Now, you want to find a model that fits the measurements!

(a) (2 points) Your friend proposed a model for the obtained signal y as a function of time ¢ as follows:

y=ci1+cy-cos?(2m-0.2-1) +c3-sin(2w-0.2-1) ¢4 -cos? (27 - 1.5-1) +¢5-sin(2m - 1.5 1)

As you might have noticed, we don’t know all parameters in the proposed model. Here, c1,cp,c¢3,c4
and cs are our unknowns. Can you pose this problem as a set of linear equations to estimate our
unknown parameters from the acquired data?

O Yes
O No

Solution:  Yes! The proposed model is linear in terms of our unknows cy,cz,c3,c4, and ¢s. When
you include values for ¢ and y, all the sines and cosines are just scalars next to our unknowns.
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(b) (7 points) You end up deciding to use a simpler model that might better fit the data:

y=ci+cr-cos(2m-0.2-1)+c3-sin(2w-0.2-1) +c4-cos(2mw-1.5-1) +¢5-sin(2w-1.5-1)

You setup a least squares problem AC & ¥ to estimate our missing parameters ¢ that are the best fit
to the acquired data. Here, ¢ € R’ as specified below. Let our matrix A € R'%*3 and vector y € R!©,
whose rows correspond to the order of the acquired data (below again for convenience), be indexed as

follows.
t y
1 ]10.0] 3.00
2 1021304
31041245
4 106|296
5 1081 3.11
6 | 1.0 | 2.75
7 1121245
8 | 1.4 | 257
9 | 1.6 | 2.00
10 | 1.8 | 1.17

1
2
3 Ajoxs =
C4
cs

o
I

apr  aip - aps J1

aip ap -0 azs N »
y =

ap,1 a2 - 45 Y10

i. Can you use this new model to set up linear equations to estimate our unknown parameters from

the acquired data?

O Yes

O No

Solution:

Cs.

Yes again! The proposed model is linear in terms of our unknows cy,c>,c3,c4, and

ii. What are the numerical values for the following entries of y and A? Hint: we have also provided
values for sine and cosine for some relevant numbers.

aip =

a3 =

ae4 =
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Angle ‘ 0% |n 37” ‘ 2n
Sine Oj1]0]| -1
Cosine |1 |0 |-1] O 1

Solution:
Our model can be written in the following way:

[1 cos(27-0.2-1) sin(2m-0.2-7) cos(27-1.5-1) sin(27-1.5-1)]

Now, we can stack all our measurements into the A¢ ~ y form:

1 cos(2m-0.2-1;) sin(2mw-0.2-#1) cos(2mw-1.5-11) sin(2mw-1.5-1)
1 cos(2mw-0.2-1p) sin(2w-0.2-1,) cos(2mw-1.5-1p) sin(2mw-1.5-1)

1 cos(2mw-0.2-119) sin(2mw-0.2-119) cos(2w-1.5-t19) sin(2mw-1.5-119)

And here’s the corresponding indexing specified for the question:

a, a2 -+ 4aps Y1
aylp azp -0 aA2s €2 2
3| =1 .
: ¢4
ap,r a2 -0 4ais cs Y10

Therefore:

ajp = cos8(2w-0.2-11) =cos(2w-0.2-0) = cos(0) = 1
a3 = sin(2r-0.2-1;) =sin(2w-0.2-0) = sin(0) = 0
az) = 1
ags = cos(2mw-1.5 1) =cos(2m-1.5-1.0) =cos(37w) =cos(w) = -1
yi= 3
yo = 2
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12. Please don’t burn your fingers (10 points)

One day, hidden somewhere deep within Cory 140, you discover an ancient capacitive circuit.

E;

— CEI_FI _ CEI_FZ

— Crk —___Cpp

E>

(a) (2 points) Calculate the equivalent capacitance C, between Ej and E, given Cy = Cg, r, = Cr, g, =
CE[_F2 = CFg_Ez = 40pF.

20 pF
40 pF
60 pF
80 pF
120 pF

Solution:

O @®@OO0OO0

Ce=Co+Cg R, HCFLEZ —"_CEl,FzHCFZ,Ez
= (40pF) + (40pF)||(40pF) + (40pF)||(40pF)
= 40pF + (20pF) + (20pF)
= 80pF
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(b) (2 points) What you found was in fact a multi-finger touchscreen that forms different capacitive circuits
depending on how many fingers we place.

E;
Side view —__Cg.R —__Cg.p — Cg_F,
with touch F
| — 0 C - » F L F LN ) F
L C (finger) T ! : "
1
C % 1 1 1
2 —° El - CF1_E2 - CFQ_Ez —_— CFn_EZ
C (top metal)
0
E,
(bottom metal) Ez

To figure out how this multi-finger touchscreen works, you decide to connect it to your op-amp setup
from the Touch 3 labs. The circuit between terminals E; and E; is modeled as equivalent capacitance
C., and V}, is a function generator with alternating square wave voltage between V;, =0V and V;,, =
2V,.

© Vout

Assume an ideal op-amp and the circuit is in negative feedback.

i. After experimenting with the circuit for a bit, you notice a sudden increase in the positive peaks
of V,,;. How must the equivalent capacitance C, have changed?

O C, increased
@ C, decreased

Solution:
Since the circuit is in negative feedback, ug, =V, and V¢, = V,,y — V,.. If V,,, increases, then Ve,
must increase and C, must decrease since the derivative of capacitor voltage is inversely propor-

dV,
tional to its capacitance (for fixed applied current) as ic, = C, dtce .

ii. How are the equivalent capacitance C, and the number of fingers touching related?
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@ More fingers increases C,
(O More fingers decreases C,
O C, does not depend on the number of fingers

Solution:
For the multi-finger touchscreen presented, increasing the number of touch points increases the
total equivalent capacitance.
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(c) (6 points) Oops! Instead of a function generator, we accidentally used a constant voltage source V,
instead. We will find out how long it will take before the circuit breaks! Here is the circuit with the
new voltage source V.

Ce
E, E,
q ®
1kQ Vbp
— N> -
1kQ oV

out

For the following problems, assume the circuit is in negative feedback.

i. First, what is the current flowing in the 1kQQ resistor (/1o in the circuit)? Assume Vj, =2V,
V., = 1V. Express your answer in mA (numerical value), and make sure your sign is correct
(according to the labeled current in the circuit.).

Ilkg = mA

Solution:

V=V, 2V—-1V
R 1kQ

I]kQ: 1mA
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ii. Now assume a constant current source I; (instead of V;, and the 1k resistor), as shown in the

circuit below.
+
O
v,

e

© Vout

If the initial voltage across the capacitor is zero at time ¢t = 0, what is the value of V,,,; over time?
Assume the output does not saturate (i.e., Vpp > V,ur > Viss). Express your answer in terms of
the variables I, V,, C,, and ¢ by simplifying any integrals or derivatives (i.e. your final answer
should not have any integrals or derivatives in it.)

Vout =

Solution:
According to the golden rule of opamp with negative feedback (NFB): i_ =i, =0and u_ =u_.

3
I, = ng;/tce — Ve, = C{e/ﬂ I dt
A
Vour = Vy = at
o I
Vour = Vr + a[
iii. If the op-amp is connected to supply sources Vpp = —Vss, 1) how long does it take for V,,, to

saturate the op-amp? and 2) what is the value of V,,, in saturation? (Assume I; > 0, V, > 0, and
Vop >V, > Vss)

—Vss+V,
O t= Ce% Vour = Vss
s
Vop —V,
. = Ce% Vour = Vpp
s
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—Vss+ Vi
t=——— Vour =V,
O Ce Is out SS
Vbop —V;
t=—— Vour =V,
O Ce Is out DD
Solution:

The output V,,,, will keep increasing linearly until it saturates at V,,, = Vpp

I
Vout = Vr+ E;t = VDD

Vpop —V;

t=C
e 2
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13. Ask opamps anything (9 points)

We’ve decided to design a 1D resistive touch-screen using an ideal opamp. The resistive touchscreen has a
total length of L, a cross sectional area of A and resistivity of p.

Vref

(a) (4 points) First, we want to find Vi, because we will use this block in a larger design.

i. What are the values for the resistance between the touch point and ground (R;) and between the
touch point and Vi (Ryes)?

A A
O Ry —PE Ryest —Pm

d L—d
. Rd:pz Rrest:pT

L—d d

O Rd:pT Rrest:pg

A A

O Rd:pﬁ Rrest:pg
Solution: }

An object with resistivity p, cross-sectional area A, and length [ has resistance R = pZ. The two

resistive segments only differ by the length

d
Rdng
L—d
Rrest :pT
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v
=

Vref

ii. Identify a correct equivalent topology for this scenario:

[ J O

Vre f

1ii. What is the value of V; if the resistive touch screen, as a function of R; and R,y ?

Ry
O Vi =V
reerest
R,
O Vl - Vre fRie;t

R
O vlzvref<1+ < )

rest

R,
o Vl_vref(l—l— est)
Ry

Solution:
The circuit is in a negative feedback configuration, thus in addition to i_ =iy = 0 the op-amp
“Golden Rule” u; = u_ can be applied. In this circuit, u_ = u; = V.
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Writing a KCL equation at node «_ and solving for V; yields

u_  u_—V
Rd Rrest

=0

This also matches the known gain of a conventional non-inverting amplifier circuit.
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(b) (5 points) Next, an LED indicator driven by a comparator is added to the output of the prior circuit.

i. You are provided the curve for the voltage V; as a function of the touch distance d. What should

L
the value of V., be to ensure the LED turns on when d > 5?

8Vref
X AVper |
2Vref B
Vref *
0 | |
0 L/8S L/4
Solution:

O Vcomp = +Vref
O Vcomp = —Vref
. Vcomp =+2 Vref
O Vcomp =-2 Vref
O Vcomp =+4 Vref

| O Vcomp =—4 Vref

L)2 L
d

L
The output of the comparator will be Vpp and the LED will turn on when the touch distance d > 5

This will occur when V. = V¢, 0of the op-amp is greater than V_ = V;. From the plot of d versus

L
Vi, since Vi =2V,.y when d = 5 the voltage Vomp should be 2V, r.

ii. When the LED shown in the diagram is turned on the voltage across it is Vi gp = 1V, what is
the current, i; gp, through it? Consider the load resistance R; = 1kQ, and voltages supplies
Vpp =5V and Vgg = 0V. Your answer should be a numerical value.

ILED =

Solution:

mA

When the LED is on, the output voltage of the comparator is V,,; = Vpp = 5V. Thus the LED
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current is

Vou —Vigp SV—1V
- —4mA
R, 1kQ m

Iigp =

1ii. NOW, assume iLED == lmA, VLED = 2V, RL = 3k.Q, VDD == 5V, and VSS =0V.
How much power P, is delivered by the output of the comparator? Your answer should be a
numerical value.

POMt — mW

Solution:

When the LED is on, the output voltage of the comparator is still V,,, = Vpp = 5 V. Additionally
the output current of the comparator is /,,; = ILgp = 1 mA.

The power delivered by the output of the comparator is

P()ut = Vout Iout = (5 V)(l mA) = (5 mW)
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