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* (5 Points) On every page, print legibly your name and ALL digits of your SID.
For every page on which you do not write your name and SID, you forfeit a
point, up to the maximum 5 points.

* (10 Points) (Pledge of Academic Integrity) Hand-copy, sign, and date the
single-line text (which begins with I have read, ...) of the Pledge of Academic
Integrity on page 3 of this document. Your solutions will not be evaluated
without this.

¢ Urgent Contact with the Teaching Staff: In case of an urgent matter, raise
your hand if in-person, or send an email to eecsl6a@berkeley.edu if
online.

¢ This document consists of pages numbered 1 through 14. Verify that your
copy of the exam is free of anomalies, and contains all of the specified num-
ber of pages. If you find a defect in your copy, contact the teaching staff
immediately.

¢ This exam is designed to be completed within 70 minutes. However, you
may use up to 80 minutes total—in one sitting—to tackle the exam.

The exam starts at 8:10 pm California time. Your allotted window begins
with respect to this start time. Students who have official accommodations
of 1.5x and 2x time windows have 120 and 160 minutes, respectively.

* This exam is closed book. You may not use or access, or cause to be used
or accessed, any reference in print or electronic form at any time during the
exam, except one double-sided 8.5” x 11” sheet of handwritten, original notes
having no appendage.

Collaboration is not permitted.

Computing, communication, and other electronic devices (except dedicated
timekeepers) must be turned off.

Scratch paper will be provided to you; ask for more if you run out. You may
not use your own scratch paper.
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Please write neatly and legibly, because if we can’t read it, we can’t evaluate it.

For each problem, limit your work to the space provided specifically for that
problem. No other work will be considered. For example, we will not evaluate
scratch work. No exceptions.

Unless explicitly waived by the specific wording of a problem, you must ex-
plain your responses (and reasoning) succinctly, but clearly and convincingly.

In some parts of a problem, we may ask you to establish a certain result—for
example, “show this” or “prove that.” Even if you're unable to establish the
result that we ask of you, you may still take that result for granted—and use
it in any subsequent part of the problem.

If we ask you to provide a “reasonably simple expression” for something, by
default we expect your expression to be in closed form—one not involving a
sum Y or an integral [—unless we explicitly tell you otherwise.

Noncompliance with these or other instructions from the teaching staff—
including, for example, commencing work prematurely, or continuing it beyond the
allocated time window—is a serious violation of the Code of Student Conduct.
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Pledge of Academic Integrity

By my honor, I affirm that

(1) this document—which I have produced for the evaluation of my performance—
reflects my original, bona fide work, and that I have neither provided to, nor
received from, anyone excessive or unreasonable assistance that produces
unfair advantage for me or for any of my peers;

(2) as a member of the UC Berkeley community, I have acted with honesty, in-
tegrity, respect for others, and professional responsibility—and in a manner
consistent with the letter and intent of the campus Code of Student Conduct;

(3) Thave not violated—nor aided or abetted anyone else to violate—the instruc-
tions for this exam given by the course staff, including, but not limited to,
those on the cover page of this document; and

(4) More generally, I have not committed any act that violates—nor aided or
abetted anyone else to violate—UC Berkeley, state, or Federal regulations,
during this exam.

(10 Points) In the space below, hand-write the following sentence, verbatim. Then
write your name in legible letters, sign, include your full SID, and date before sub-
mitting your work:

I have read, I understand, and I commit to adhere to the letter and spirit of the pledge above.

T kaue f‘eaol) L una!ers—):\rwl] anc! T Cmv\m]’l‘ To
q,\l\epe T; TQe ]eﬁer a\no\ s?{(‘ﬁ o%jﬁe?\eige dx\boﬂe -
t J U

—

Full Name: E‘QQ&(’ Y~ l/e kﬁl a Signature:

Date: 'SQ? \7; Q\OAL]' Student ID: O\QZ\?SG 78 7
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Potentially Useful Facts That You May Use Without the Need to Prove Them:

e Inner Product: For every .,y € C", we define (z, y) 2 y* = Z T Yp-
k=1
The complex conjugation may be omitted for vectors in R"—that is, for every

x,y € R", we define (z, y) 2" y = ka Yk
k=1

¢ Cauchy-Schwarz Inequality: For all elements x and y in a vector space V,
(@, < llzlllyll-
¢ Triangle Inequality: For all elements x and y in a vector space V,

|z +yll < [l]] + [yl

* Geometric Sum Formula For all integers M and N, where M < N,

N+1 M
N « -« .
—  if 1
g al = a—1 ifa 7
=M N-M+1 ifa=1.

¢ Angle Between Vectors: The angle 6 between two nonzero elements = and y
in a real vector space satisfies

0 = arccos , and cost =

Whether in a real or complex vector space, if (x,y) = 0, we say = and y are
orthogonal, and we denote this by = L y.

- 1
¢ Sum of the first n positive integers: Z k= @
k=1

n(n+1)(2n + 1).

* Sum of the squares of the first n positive integers: Z k* = 0

k=1
¢ Polynomials
— Any nonzero polynomial p(t) = Z axt” in a real variable ¢, having real

k=0
coefficients ay, of degree n > 0, has exactly n roots, inclusive of multi-

plicity (i.e., root repetition)—real or complex.

— Any polynomial p(t) = Z axt” of degree n > 0is infinitely differentiable—

k=0
that is, it has derivatives of all orders.
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MT1.1 (35 Points) Consider a vector whose entries are the first n positive integers:
1
r=|., where n € {2,3,4,...}.
n
(a) (15 Points) Determine each of the following norms for . Each of your ex-
pressions must be in closed form—not left as a summation.

(i) (5 Points) The {o,-norm ||x||w.

(X =mmax(Val,- 1 xal) = monx (s n) 2 m = M

(ii) (5 Points) The ¢;-norm ||z|l;.

\ ’i\\\=\"\\ T L R B R o '\(""_{"‘\

\\&“\ _ A (a+)

2

(iii) (5 Points) The Euclidean (¢3) norm ||x||s.

\\K\\f Qx\\xr—- x \"n\g\s/a——¢ D™ o

“ZS“ _ \/n(n-t\}o(o'lv\-\-W

=N

—_
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MT1.1 (Continued) ‘&
(b) (20 Points) Consider the vectors y and z defined as 3 - [3‘; ‘\
' 1 O U,
2 Z
Y= [g] and z= 14 2o Z&
4 S R
L

For each of these two vectors, construct a corresponding nonzero orthogénal
vector—in particular, construct y, and z, such that

(y,y,) =0, and (z,2.) =0.

There is an uncountably-infinite set of answers for each. Construct only one
for each, and explain (briefly) your thought process.

: -\ W «\6\': -‘e\'\:\_ \x2=3 (SV*'V\ °g’ H'\Q ’S':‘"SJV
3 = K-\l -\'10 c.cffm\e_v\_—k's .%'3 st o«l’b ('\S \'\r\irl

\ = :
c_cav\ﬁone.r(\’> . So) (‘S wWR MW\)‘\‘\éQO\Q\\ °-S -\?\E—

4I.~$VTM C o av\:.\),fg = —\,.\/w\'\%\er\ ML\
\‘—o *E\e. -W\:V‘o\ Saw\f nqe,{ét\)Q ?,TZCPQ .

\ -\
: -4 - - \_2x3=0 —=> 4=\ L
<§) ‘\‘X> =3, 3;3 g \-2x3=0 =5 53_ 1\8 é

Metha

| S
1

‘_—

Methed T 3; Y)‘& 0 rsio l
\

.-] o
71
(é}3>=[l 2 {XF 213424 +360) =%3<0
°T9, °
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MT1.2 (60 Points) Throughout this problem—except for part numbering—i de-
notes v/—1, and the Cartesian form of a complex number z is z = a + ib, where
a,beR.

(a) (40 Points) Express each of the following expressions in a Cartesian form.

(i) (10 Points)

(iii) (10 Points) *

L
: 3T, : 4L
L A A G
/
lﬂ ‘chj;
. ll—k Ykl . }l—k—r& .L"ki-3 )
C=| ; ¢ = L = -], and 1 = -

for all .;Tejm k.
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MT1.2 (Continued)

3
(iv) (10 Points) Show that Z i* = 0, and determine
k=0
3 k . 3“'\ , 0 . &

) el S I

k=0 =\ =

~
N
|
n
o
|
1
I

SID (All Digits):

1000
E i* in Cartesian form.
k=0
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MT1.2 (Continued)

(b) (20 Points) For each of the following conditions, provide a well-labeled dia-
gram of all points z in the complex plane that satisfy the stated condition.

Explain your work succinctly, and shade or otherwise highlight, the relevant
region(s).

(i) (10 Points) [22— 4| <2, o \2(2:-5{\\&2—_-5 \z-;{\\<\
T\‘\”\:s 'S '\e\Q Sej O’CY Im(z)

’\an’&s an 'ﬁge COMT]QX i Ciccle o%ra\xu\s

?\“"Q whase ‘Q;%)Tomce 2i 1 ?/‘/“‘Q ;S RNTered ot
’g(‘om A S \st"\eo\,\,e{- 1i 1 m Z=A.

GCV’@&’TO \. AP _ih | U Re(2)

—21 +

—31 +

(ii) (10 Points) |2 —i| < |z + il.
s 3s Re e 5 Tq;:g Iu:)
o Re com?\ex T\omc R
ArR ng 'S’a\r'\'\/&*(' 'g‘ro W\ - o

l: Wcmr\ '\3&\&6 A ’Sl(‘aﬂ/\ -, —lig

T dher wwards, Hhiste e ek o paiqTs
Tl are  either
’ C\qsﬁf' ‘\\o [N}L\o\»f\ Fﬂ/\Q AVeC f‘_O -(.
(t._e_.z art an Yhe wp pe(” \'\%H_F\N\ e}) ov.

‘ earmo\ﬁs’\'ovef To gcw\ ~1 @'.e,.) are on the
Iee»[ &X;S\‘
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MT1.3 (35 Points) Consider the four vectors ¢,, where k = 0, 1, 2, 3, shown below:

1 1 1 1
1 1 —1 —1
Po = 10 $1 = 1> P2 = 1| P3 = -1
(a) (5Points) Show that ¢, and ¢; are orthogonal. A 71
.y ) AT 2, :
<‘f\’f's>:f\ ?3‘"‘[\ C ) _\_\,\+ 1 \ =

-\ \
~

—> <£-P\)EP3>: O

(b) (10 Points) Determine ||¢,||* forall k = 0,1, 2, 3.

Hint: You may determine the norm for one of the four vectors, and then
provide a brief, convincing reason why the other vectors have the same norm.

We v\o‘kq 'kg\aft T\\Q W\"\a.’\'\—\_uo\&‘ sTu\owec)\ J{' (AU g
CQW\TonQr\T a"' Q\)Qr‘& VQC.TQ(' :\" ‘\Q\Q SG‘AY ilj)o )‘_e‘)t—e,'(}_éai

satisVies : N
R LRl =i =)

R
S"/ \\L'_Pk\\ =lalyla\ =Y gbr EUQES kéion\w%gz

\\EPk\(a- \ Vkeio,\,a,sg

10
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MT1.3 (Continued)

(c) (20 Points) It turns out that all the four vectors ¢,, k = 0,1, 2, 3 are mutually
orthogonal—do not bother proving it here.

Assuming this mutual orthogonality, express the first canonical unit vector
e; in R* as a linear combination of ¢,, k = 0,1,2,3. That is, determine the
coefficients ay, in

!

= LEQ"'OC\L—Pl Y% L_{_);\"" O(ELEZ

3

= Zak Pr = Py T 191 + @2y + a3p;3.
k=0

O O =

e}

—_\—o— XQTQPN\“\V\E’_ O(Q ) we Ta\\&e- -\Q\Q .‘nf\ﬁf‘ ?“OAU\CT
0’% QO\C\'\ 5\32}{ w\'@\ LPQ ) w\f\t‘(‘Q Q Q \ Q B

<P:\)kfy> 4Z°(\<ka)"€> ZP(\(< >

%{T fk..\_ (E,Q f'qr \'\:}:9\,3:; v\\\\oJiTonQ)Temv\

an Re ria\r\t\:\qno\ At art elreindted U'\neé’r‘e :&1‘%.
We  thus Rave Feowm P

TRYTous
88> = <£Q)th= 1% i IR

/ﬂ— \ <e\)fﬂ> B <§\ 7L€Q> 5""‘"’6 Q”‘T wek S
+P\Q ‘g"f‘;\’ErC\'fa 1N tP‘Q "\'\c\ ?wc»\%\rg\_eﬁé \S}‘ So
<§\,§_Pi,>- Sor all Re30),3,3%- >o<ﬂ-—VQei,\2 3¢

11
oy = \1‘(’ R V0e30,03,3



FIRST Name E;QJ"( ] LAST Name Veklu SID (All Digits) 2\ 22 ¥S618 9

MT1.4 (35 Points) Let C*°(R) denote the vector space of functions of a continu-
ous variable that are infinitely-differentiable over the entire real axis. A function
belongs to this vector space if, and only if, it has derivatives of all orders—that is,
all its derivatives are continuous. An element in this vector space is also called a
C* function (C'* is pronounced ”C-infinity”) or, easier yet, a smooth function.

Consider the finite set of smooth functions ¢, : R — R, for k =0,1,2,...,n, where

vt € R, wo) =1, oi(t)=t, ... , @)=t ..., p.(t)=1t"

for some nonnegative integer n.

(a) (15 Points) Show that ¢y, ..., ¢, are linearly independent.

Note: The zero element in C*°(R) is the function that is zero for all ¢ € R.

C“V\{v{‘chv ‘\e\Q uv&o\r COW\\Q‘.\A%‘-‘;;QY\ and $€T QT’*“\'\-‘(’ zers Foralf:
o, ) + o&\‘{’\(\-\ R A (G BT AN X2 0 VteR

\o Qﬂ"w\a\{s\r\ \inRour ;AAQ.TQJ\;\QV\QQ , WR ”’\\ké-vs\l\ou) -‘9\:\-
0\“ JY(?\Q c_qe'grg\{c;ev(‘(s X e )X Mmw S\ be ZRYO Q.'e-;
TE\{\' \)[ﬂég)o(k,‘_\k "5 'ﬂ?\e zeca To\aﬂom';o\\,

MQ'“\Oo\ Ij \L\E'f‘t To\& (\f\ '\RQ 'S“of‘mw\o\ 5\!\@@"\'\"})\0\\\-

— Any nonzero polynomial p(t) = Z axt” in a real variable t, having real
k=0
coefficients ay, of degree n > 0, has exactly n roots, inclusive of multi-

plicity (i.e., root repetition)—real or complex.
T‘\% e an s _\Q\%AY .18' A ?o\éﬂomﬁ\a& o“_ o\Qavee \< N\
\\0\3 mare 4&9\««\ n roa‘\‘s) “ﬁ C-Ow\na—\_ be a nenzero
\DO\aV\aw\;o\)\ (('.6.) \1_ 'VWH-" )OE TRE, ZEN9 fognam;ﬂ\lj
»ok\c,\f\ MR N 5 0(.0:0(\::--"::0{’\:0 .

Dinct ?G‘\‘—E“\jk‘- O For ":—Ll +€'72)H— has an
W\couw\-\'q\r,\a ;4‘}:,\"‘-‘%’ Q_"\_ 05‘ Faa]l-zsl Sq :‘I‘ musj' LQ MQ RAQra falanami‘ﬂl.
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— Any polynomial p(t Z axt® of degreen > 0isinfinitely differentiable—

k=0
that is, it has derivatives of all orders.

Laak[,a N TK@_ fdnam;a\,( eZ.C« [ o v™\

P(f) = %O(T* —1—0<J( =0 V‘l-CZ
LT«JF/’& l’] ,45 af‘ all TE/’Z se T mms—"l‘\ )o\ §°r
T Q. Her\ce
plo)=« =0 —> DLD—_Q
Moo ditfecerNiate ¢ ) once:

-\
! (._P = 0(\"1'20(9:\’ -ﬁ—----\-ﬂo(r\-(-ﬂ
Sirce ph=0 VEER Den %—lzg VtER =

A7)

=0 ";-S O(.\.\'“—ﬂQ
\‘t’:O

C_q“_'\(‘,‘uun \"\ *Q\\% MAV\v\Q\" —l_ ’\(s\‘/\ SULCCQSS\\)QL\J
X\a\r\ef Qe.r zdoG\'\aQS M\o\ SC"Yma ﬁQ\e corresTm&wa
c

AQ(rR s1aN Q‘K‘\A 'k-o zefa, We coan ‘-’X\cwi) ‘TQ\O:ATQ\’Q%
CoQ—S.’g\Q\Cr\)V “O k€, - ’”g

‘\r\\ﬂ \m?\\es 19\0\,'\' '\"RQ \"PG'S S AT l\n&a\(lé
\’\O\Cfeﬂo\ﬁ V\+
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MT1.4 (Continued)

(b) (20 Points) Let P,, denote a real-valued vector space of polynomials of degree
less than, or equal to, n, where n is a nonnegative integer and ¢t € R. You can
think of P, as the set constructed from all possible real linear combinations

of i(t) for k = 0,1,..., n. A generic polynomial in P, can be expressed as
follows:
n n t
p(t) =Y o) = _pt" =[po p1 - ] || =P F(1),
k=0 k=0 h ~~ “ |
P m
——
f()

where f(t) € R""! denotes the vector of monomials (you can think of f as
a vector-valued function of the continuous variable t), p € R"*! denotes the
vector of the coefficients, and T denotes transpose.

Define V C P, as the subset of all polynomials in P,, thathavet =0and ¢t =1
as roots. That is,

n

V= {v(t) = katk

k=0

v(0) = 0,v(1) = 0,0, ER, k=0, ..., n}
Show thatVisasubi}Y)'ace. T ~ . & .

C_\Qo\r\ P 1S Ao Qv a QR ZRra poMNamiyen\ 1%

oy P ety e e

54) W 'V\\kéT ngv\\o\.\%\’\ vv\\& _\Q\Q c\osod‘t mv{mMS .

ofe"\' e (1) el W (1) o(&no‘[‘g Ta\d‘naM;%[S A )).-FWQ(\

V&o\:w(ﬂ—.—_\r(\\—;m&\'\: Q.

Let )= ver) 4olt)  ¥teR. Then Vs

ALO\:U’QON;\-\,QLO):Q;‘Q:Q ?:B&H—\é)) QUL\:;QQPX

AQ =) o) = OO =C addiFion
News \eT ()= oL () Sor an a\rlo;‘/‘mr‘cj scalar a€lR.
Z-@)"—"’U’\@)t 9 = /C@") e y L s C\O.SEA

N M= 0 wnolRy™ Sf:a\\q\f'
Z(') (') MW\‘\-\'V\\COC‘K'\Q(\
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MT1.5 (20 Points) Let z and y denote two elements in a real vector space V de-
fined over the scalar field R. Assume that a norm || - || : V — R has been defined
on V (though not necessarily induced by an inner product).

Show that
—llz = yll < |=|[ = [lyl] < ]z —yll.

Note: You may not assume that the vector space V is of a specific type (such as R").
You may not assume that the norm is of a specific type (such as the /,-norm). And
you may not assume that an inner product has been defined on V.

To receive full credit, you must resort only to the properties of a generic vector
space and a valid, but otherwise unspecified, norm.

However, if you use a specific vector space (such as R") in your reasoning; if
you can’t show the result without appeal to a specific norm; or if you assume a
properly-defined inner product to argue your way to the result, you may receive
a credit of at most 80% for this problem, provided your work contains no other
shortcoming.

Hint: A carrier pigeon has told you that + = (z — y) + y—and, similarly, that
y=(y—x)+uz.

X = (x-g\ﬁ-é) = \Xu $\\X-§\\"r\\é\l _Tr‘\ama\e LQTM\%
S0 b€ el (%)

S\M\\o\f\é

4= @)= WAl Teiangle Lepualiy
3

3~x]] s\
Bt |4 ~x\\= x~3l - Sealing Topely of Worms
Eﬁv\a (¥) ol k) T &e‘\e\er ot have e rcenlT
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