
EECS 16A: Designing Information Devices and Systems I

Department of Electrical Engineering and Computer Sciences
UNIVERSITY OF CALIFORNIA, BERKELEY

Midterm 1

17 September 2024

FIRST Name LAST Name SID (All Digits):

• (5 Points) On every page, print legibly your name and ALL digits of your SID.
For every page on which you do not write your name and SID, you forfeit a
point, up to the maximum 5 points.

• (10 Points) (Pledge of Academic Integrity) Hand-copy, sign, and date the
single-line text (which begins with I have read, . . . ) of the Pledge of Academic
Integrity on page 3 of this document. Your solutions will not be evaluated
without this.

• Urgent Contact with the Teaching Staff: In case of an urgent matter, raise
your hand if in-person, or send an email to eecs16a@berkeley.edu if
online.

• This document consists of pages numbered 1 through 14. Verify that your
copy of the exam is free of anomalies, and contains all of the specified num-
ber of pages. If you find a defect in your copy, contact the teaching staff
immediately.

• This exam is designed to be completed within 70 minutes. However, you
may use up to 80 minutes total—in one sitting—to tackle the exam.

The exam starts at 8:10 pm California time. Your allotted window begins
with respect to this start time. Students who have official accommodations
of 1.5⇥ and 2⇥ time windows have 120 and 160 minutes, respectively.

• This exam is closed book. You may not use or access, or cause to be used
or accessed, any reference in print or electronic form at any time during the
exam, except one double-sided 8.5”⇥11” sheet of handwritten, original notes
having no appendage.

Collaboration is not permitted.

Computing, communication, and other electronic devices (except dedicated
timekeepers) must be turned off.

Scratch paper will be provided to you; ask for more if you run out. You may
not use your own scratch paper.
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FIRST Name LAST Name SID (All Digits):

• Please write neatly and legibly, because if we can’t read it, we can’t evaluate it.

• For each problem, limit your work to the space provided specifically for that
problem. No other work will be considered. For example, we will not evaluate
scratch work. No exceptions.

• Unless explicitly waived by the specific wording of a problem, you must ex-
plain your responses (and reasoning) succinctly, but clearly and convincingly.

• In some parts of a problem, we may ask you to establish a certain result—for
example, ”show this” or ”prove that.” Even if you’re unable to establish the
result that we ask of you, you may still take that result for granted—and use
it in any subsequent part of the problem.

• If we ask you to provide a ”reasonably simple expression” for something, by
default we expect your expression to be in closed form—one not involving a
sum

P
or an integral

R
—unless we explicitly tell you otherwise.

• Noncompliance with these or other instructions from the teaching staff—
including, for example, commencing work prematurely, or continuing it beyond the
allocated time window—is a serious violation of the Code of Student Conduct.
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FIRST Name LAST Name SID (All Digits):

Pledge of Academic Integrity

By my honor, I affirm that
(1) this document—which I have produced for the evaluation of my performance—

reflects my original, bona fide work, and that I have neither provided to, nor
received from, anyone excessive or unreasonable assistance that produces
unfair advantage for me or for any of my peers;

(2) as a member of the UC Berkeley community, I have acted with honesty, in-
tegrity, respect for others, and professional responsibility—and in a manner
consistent with the letter and intent of the campus Code of Student Conduct;

(3) I have not violated—nor aided or abetted anyone else to violate—the instruc-
tions for this exam given by the course staff, including, but not limited to,
those on the cover page of this document; and

(4) More generally, I have not committed any act that violates—nor aided or
abetted anyone else to violate—UC Berkeley, state, or Federal regulations,
during this exam.

(10 Points) In the space below, hand-write the following sentence, verbatim. Then
write your name in legible letters, sign, include your full SID, and date before sub-
mitting your work:

I have read, I understand, and I commit to adhere to the letter and spirit of the pledge above.

Full Name: Signature:

Date: Student ID:

3

Freedum Vektur 0123456789

I have read I understand and I committo

adheretotheletterandspirit.fthepledgeab.ve

Freedum Vektur

Sep 17 2024 0123456789



FIRST Name LAST Name SID (All Digits):

Potentially Useful Facts That You May Use Without the Need to Prove Them:

• Inner Product: For every x,y 2 Cn, we define hx,yi 4
= xT y⇤ =

nX

k=1

xk y
⇤
k.

The complex conjugation may be omitted for vectors in Rn—that is, for every

x,y 2 Rn, we define hx,yi 4
= xT y =

nX

k=1

xk yk.

• Cauchy-Schwarz Inequality: For all elements x and y in a vector space V ,
��hx, yi

��  ||x|| ||y||.

• Triangle Inequality: For all elements x and y in a vector space V ,

||x+ y||  ||x||+ ||y||.

• Geometric Sum Formula For all integers M and N , where M  N ,

NX

`=M

↵` =

8
<

:

↵N+1 � ↵M

↵� 1
if ↵ 6= 1

N �M + 1 if ↵ = 1.

• Angle Between Vectors: The angle ✓ between two nonzero elements x and y
in a real vector space satisfies

✓ = arccos
hx, yi

||x|| ||y|| , and cos ✓ =
hx, yi

||x|| ||y|| .

Whether in a real or complex vector space, if hx, yi = 0, we say x and y are
orthogonal, and we denote this by x ? y.

• Sum of the first n positive integers:

nX

k=1

k =
n(n+ 1)

2
.

• Sum of the squares of the first n positive integers:

nX

k=1

k2 =
n(n+ 1)(2n+ 1)

6
.

• Polynomials

– Any nonzero polynomial p(t) =
nX

k=0

akt
k in a real variable t, having real

coefficients ak, of degree n � 0, has exactly n roots, inclusive of multi-
plicity (i.e., root repetition)—real or complex.

– Any polynomial p(t) =
nX

k=0

akt
k of degree n � 0 is infinitely differentiable—

that is, it has derivatives of all orders.
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FIRST Name LAST Name SID (All Digits):

MT1.1 (35 Points) Consider a vector whose entries are the first n positive integers:

x =

2

6664

1
2
...
n

3

7775
, where n 2 {2, 3, 4, . . .}.

(a) (15 Points) Determine each of the following norms for x. Each of your ex-
pressions must be in closed form—not left as a summation.

(i) (5 Points) The `1-norm ||x||1.

(ii) (5 Points) The `1-norm ||x||1.

(iii) (5 Points) The Euclidean (`2) norm ||x||2.
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FIRST Name LAST Name SID (All Digits):

MT1.1 (Continued)

(b) (20 Points) Consider the vectors y and z defined as

y =

2

4
1
2
3

3

5 and z =

2

664

1
2
3
4

3

775 .

For each of these two vectors, construct a corresponding nonzero orthogonal
vector—in particular, construct y? and z? such that

hy,y?i = 0, and hz, z?i = 0.

There is an uncountably-infinite set of answers for each. Construct only one
for each, and explain (briefly) your thought process.
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at
E

Wenoticethat 1 2 3 sum of the first
two componentsoff is equalto its third
component So if we multiplyeachofthe

firsttwo componentsby 1 andthenadd
To the third componentwe get zero

11 f 2 222 1 2 3 0 4 4 1
Method I 1 1 art
1117 1233 9 13 2 34 3 3 0

Symmetrically
reverse the entries of flipsign on halfof

them since y
has an oddnumberofcomponentsmakethe

middle
entryof i.e g equalto zero



Inspiredby Method I andnotingthatz has an evennumber
ofcomponents we reversetheentriesandflip signonhalfofthem

that is

44 0

212



FIRST Name LAST Name SID (All Digits):

MT1.2 (60 Points) Throughout this problem—except for part numbering—i de-
notes

p
�1, and the Cartesian form of a complex number z is z = a + ib, where

a, b 2 R.

(a) (40 Points) Express each of the following expressions in a Cartesian form.

(i) (10 Points)
1

i

(ii) (10 Points) (1 + i)2

(iii) (10 Points) i4
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FIRST Name LAST Name SID (All Digits):

MT1.2 (Continued)

(iv) (10 Points) Show that
3X

k=0

ik = 0, and determine
1000X

k=0

ik in Cartesian form.
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FIRST Name LAST Name SID (All Digits):

MT1.2 (Continued)

(b) (20 Points) For each of the following conditions, provide a well-labeled dia-
gram of all points z in the complex plane that satisfy the stated condition.

Explain your work succinctly, and shade or otherwise highlight, the relevant
region(s).

(i) (10 Points) |2z � 4|  2.

Re(z)

Im(z)

�3

�3i

�2

�2i

�1
�1i

1

1i

2

2i

3

3i

(ii) (10 Points) |z � i|  |z + i|.

Re(z)

Im(z)

�2

�2i

�1
�1i

1

1i

2

2i
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126 2142 K 2kt
this is the set of
points on thecomplex
plane whose distance effeted
from 2 is lessthan or 2 2

equal to 1

this is the setofpoints
onthe complexplane that
are no farther from
i than they are from i

In otherwords this is the set of points
that

sefthf.fi than they are to i
i.e are on the upper halfplane of
equidistant to iand i i.e are on the
Real axis



FIRST Name LAST Name SID (All Digits):

MT1.3 (35 Points) Consider the four vectors 'k, where k = 0, 1, 2, 3, shown below:

'0 =

2

664

1
1
1
1

3

775 , '1 =

2

664

1
i
�1
�i

3

775 , '2 =

2

664

1
�1
1
�1

3

775 , '3 =

2

664

1
�i
�1
i

3

775

(a) (5 Points) Show that '1 and '3 are orthogonal.

(b) (10 Points) Determine ||'k||2 for all k = 0, 1, 2, 3.

Hint: You may determine the norm for one of the four vectors, and then
provide a brief, convincing reason why the other vectors have the same norm.
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FIRST Name LAST Name SID (All Digits):

MT1.3 (Continued)

(c) (20 Points) It turns out that all the four vectors 'k, k = 0, 1, 2, 3 are mutually
orthogonal—do not bother proving it here.

Assuming this mutual orthogonality, express the first canonical unit vector
e1 in R4 as a linear combination of 'k, k = 0, 1, 2, 3. That is, determine the
coefficients ↵k in

e1 =

2

664

1
0
0
0

3

775 =
3X

k=0

↵k 'k = ↵0'0 + ↵1'1 + ↵2'2 + ↵3'3.
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To determine xp we take the innerproduct
of each side with where 1 0,1 2,3

Len 4 9 147 5 4 97

But If for Ktl so all but one term
on the righthandside are eliminated they'rezero
We thus have

Lent 4 9 47 911811

4 44,197 But CE simplycaptures

the firstentry in
and each first entry is 1 So

E for all le 912,3 Xp the 91 2,3
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FIRST Name LAST Name SID (All Digits):

MT1.4 (35 Points) Let C1(R) denote the vector space of functions of a continu-
ous variable that are infinitely-differentiable over the entire real axis. A function
belongs to this vector space if, and only if, it has derivatives of all orders—that is,
all its derivatives are continuous. An element in this vector space is also called a
C1 function (C1 is pronounced ”C-infinity”) or, easier yet, a smooth function.

Consider the finite set of smooth functions 'k : R ! R, for k = 0, 1, 2, . . . , n, where

8t 2 R, '0(t) = 1, '1(t) = t, . . . , 'k(t) = tk, . . . , 'n(t) = tn

for some nonnegative integer n.

(a) (15 Points) Show that '0, . . . ,'n are linearly independent.

Note: The zero element in C1(R) is the function that is zero for all t 2 R.
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Constructthe linear combinationandsetequal to zero forall
α Yolt α 9 t an9H dataTt ant 0 tfR

To establish linear independence we mustshowthat
all the coefficients α an must be zero i.e
that plH E4tk is the zero polynomial

Method I We're told in theformulasheet that

This means that if a polynomial ofdegree n

has more than n roots it cannot be a nonzero

polynomial i.e it must be the zero polynomial
which means 4 4 4 0

Since pA 99T 0 for telR it has an
unrountably infinite set of roots so itmustbethe zeropolynomial



MethodI We're told in theformulasheet that

Looking at the polynomial equation
Plt a α t ant 0 tElR

Equality holds for all TER so it musthold for
1 0 Hence

p a α 0 α 0

Now differentiate pH once

dI α that nant

Since pct D tEIR then o HER

1 1 9 1
Continuing in this manner takingsuccessively
higher derivatives and setting the corresponding
expressionequal to zero we can show thatevery
coefficient 4 0 ke 91 in

This implies that the KHI's are linearly
independent



FIRST Name LAST Name SID (All Digits):

MT1.4 (Continued)
(b) (20 Points) Let Pn denote a real-valued vector space of polynomials of degree

less than, or equal to, n, where n is a nonnegative integer and t 2 R. You can
think of Pn as the set constructed from all possible real linear combinations
of 'k(t) for k = 0, 1, . . . , n. A generic polynomial in Pn can be expressed as
follows:

p(t) =
nX

k=0

pk 'k(t) =
nX

k=0

pk t
k =

⇥
p0 p1 · · · pn

⇤
| {z }

pT

2

6664

1
t
...
tn

3

7775

| {z }
f(t)

= pT f(t),

where f(t) 2 Rn+1 denotes the vector of monomials (you can think of f as
a vector-valued function of the continuous variable t), p 2 Rn+1 denotes the
vector of the coefficients, and T denotes transpose.

Define V ✓ Pn as the subset of all polynomials in Pn that have t = 0 and t = 1
as roots. That is,

V =

(
v(t) =

nX

k=0

vk t
k

����� v(0) = 0, v(1) = 0, vk 2 R, k = 0, . . . , n

)
.

Show that V is a subspace.
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FIRST Name LAST Name SID (All Digits):

MT1.5 (20 Points) Let x and y denote two elements in a real vector space V de-
fined over the scalar field R. Assume that a norm || · || : V ! R has been defined
on V (though not necessarily induced by an inner product).

Show that
�||x� y||  ||x||� ||y||  ||x� y||.

Note: You may not assume that the vector space V is of a specific type (such as Rn).
You may not assume that the norm is of a specific type (such as the `2-norm). And
you may not assume that an inner product has been defined on V .

To receive full credit, you must resort only to the properties of a generic vector
space and a valid, but otherwise unspecified, norm.

However, if you use a specific vector space (such as Rn) in your reasoning; if
you can’t show the result without appeal to a specific norm; or if you assume a
properly-defined inner product to argue your way to the result, you may receive
a credit of at most 80% for this problem, provided your work contains no other
shortcoming.

Hint: A carrier pigeon has told you that x = (x � y) + y—and, similarly, that
y = (y � x) + x.
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x g y 1111 11 911 11211 TriangleInequality

MINERS
similarly
g J 11.914111 4 1111 TriangleInequality
So

118 41 1111 11911

But 11J 111 21 ScalingPropertyof Norms
So tI

Pitting and together we have the result
11 21 1411111cl x yl1 See further insight

on the next page



The result which can be rewritten as follows

111 11 11911 11 111

is also known as the ReverseTriangle
Inequality
In terms of plane geometry

it simply
states that
The length of any sideof

a triangle
is greater than or equal to the difference
between the lengths of the remainingtwo
sides


