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FIRST Name LAST Name

SID (All Digits):

• (5 Points) In the space provided above, print legibly your name and all digits
of your SID.

• (10 Points) (Pledge of Academic Integrity) Hand-copy, sign, and date the
single-line text (which begins with I have read, . . . ) of the Pledge of Academic
Integrity on page 3 of this document. Your solutions will not be evaluated
without this.

• Urgent Contact with the Teaching Staff: In case of an urgent matter, you can
reach us at eecs16a@berkeley.edu.

• The midterm PDF file (distributed separately, at the start of the exam) con-
sists of pages numbered 1 through 6. This document consists of pages
numbered 1 through 12. Verify that your copies of the exam and this an-
swer booklet are free of anomalies, and contain all of the specified number of
pages. If you find a defect in either of your copies, produce another printout
or contact the teaching staff immediately.

• This midterm is designed to be completed within 70 minutes. However, you
may use up to 80 minutes total—in one sitting—to tackle the midterm and to
upload your work to Gradescope.

The exam starts at 6:40 pm California time. Your allotted window begins
with respect to this start time. Students who have official accommodations
of 1.5⇥ and 2⇥ time windows have 120 and 160 minutes, respectively.

With respect to solutions uploaded to Gradescope after 8:00 pm (Regular),
8:40 pm (1.5⇥ time DSP accommodation), or 9:20 pm (2⇥ time DSP accom-
modation) we reserve the right to apply a 5% penalty for each minute of
tardiness. For example, if you upload your solutions 10 minutes late, you
potentially forfeit 50% of your total exam score.

If you encounter Gradescope submission difficulty, contact the teaching
staff by email immediately, and include, as an attachment to your email, a
legible PDF file (preferred) or clear photos of your solutions.

• This midterm is open book. So long as you do not violate UC Berkeley, state,
or US Federal regulations, you may—during the midterm—access or use (a)
any reference in print or electronic form; and (b) any computing, communi-
cation, or other electronic device, to advance or verify your solutions.

Citing the output of any such reference does not discharge from you the re-
sponsibility to provide sufficient explanation for your work.
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• Collaboration and consultation are permitted, but

– only with your peers who are currently enrolled in this course;

– only on the public forum of the official Ed Stem page for this course; and

– only to the extent where your peers are unstuck (i.e., not to the level
where the solution becomes trivial or otherwise obvious to those who
read your hints). Please use good judgment in dispensing hints to each
other.

No private communication is allowed with anyone.

Communication in any other form—oral, written, or electronic; public or pri-
vate; direct or indirect—with any human being outside the scope permitted
above is not permitted.

You may not work on this midterm in the physical proximity of any student
currently enrolled in this course.

• Please write neatly and legibly, because if we can’t read it, we can’t evaluate it.

• For each problem, limit your work to the space provided specifically for that
problem. No other work will be considered. For example, we will not evaluate
scratch work. No exceptions.

• Unless explicitly waived by the specific wording of a problem, you must ex-
plain your responses (and reasoning) succinctly, but clearly and convincingly.

• In some parts of a problem, we may ask you to establish a certain result—for
example, ”show this” or ”prove that.” Even if you’re unable to establish the
result that we ask of you, you may still take that result for granted—and use
it in any subsequent part of the problem.

• If we ask you to provide a ”reasonably simple expression” for something, by
default we expect your expression to be in closed form—one not involving a
sum

P
or an integral

R
—unless we explicitly tell you otherwise.

• Noncompliance with these or other instructions from the teaching staff—
including, for example, commencing work prematurely, or continuing it beyond the
allocated time window—is a serious violation of the Code of Student Conduct.
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Pledge of Academic Integrity

By my honor, I affirm that
(1) this document—which I have produced for the evaluation of my performance—

reflects my original, bona fide work, and that I have neither provided to, nor
received from, anyone excessive or unreasonable assistance that produces
unfair advantage for me or for any of my peers;

(2) as a member of the UC Berkeley community, I have acted with honesty, in-
tegrity, respect for others, and professional responsibility—and in a manner
consistent with the letter and intent of the campus Code of Student Conduct;

(3) I have not violated—nor aided or abetted anyone else to violate—the instruc-
tions for this exam given by the course staff, including, but not limited to,
those on the cover page of this document; and

(4) More generally, I have not committed any act that violates—nor aided or
abetted anyone else to violate—UC Berkeley, state, or Federal regulations,
during this exam.

(10 Points) In the space below, hand-write the following sentence, verbatim. Then
write your name in legible letters, sign, include your full SID, and date before up-
loading your work to Gradescope:

I have read, I understand, and I commit to adhere to the letter and spirit of the pledge above.

Full Name: Signature:

Date: Student ID:
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I herebydeclare and solemnlypledge to Babakue you

on every midtermuntil youturn intotemperedsteel
ready for the world ahead

Babakue Chef BBQC

Happy Nowruz 1403 123456789



MT2.1

(a)

(b)
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Method I Distinct columnsof P have nonoverlapping I's landal
otherentries zero because each row of Phas a single P This
makes distinct columns ofBeachof which is a unitvector
orthonormal Hence P is an orthogonal matrix

Method Let Q Pt and R QP Then rig ErikRj But
4 k Pki since Q Pt Accordingly rig PkiEj

Due to the

structure of P we note that

RiPkj b rij
R REPEI

Only a single 1 across row k Yet more comments on the nextpage
This part probes yourfluencywith matrix multiplicationandknowledge of how pre and I Ip plucks out row

and columns of a matrix that

PIFE.IE 3tF
A

PAP 8
Plucks row t

p Tfof A

it
1 3

Plucks call of pA

PAPI



M T2 1 a

AdditionalInsight The columns of P are the rows of Pt in the
same order That is

P I a PE

PTP
ftp I I LEED

LIED

if
if i j
if i j

This isbecause I and Ij for itji don't have overlapping nonzeroentries If theydid say
on entryk then Pg

for i j
which means row k of P has at least two P's a contradiction
Therefore we conclude that PTPhas zero offdiagonal
entries And its entries on thediagonal are all 1 s This
makes PTP I
Fun Factoids
The matrix P as described in the problemstatement
is called a Permutation Matrix It consistsof an

arbitrary rearrangement
of the canonicalunitvectors

9 i En Note that P each row sums to P and

ITP.IT each column sums top
Permutation matrices form a subsetof DoublyStochastic

matrices A doubly sto chastic matrix is a nonnegative
matrix

each of whose columns and rows sums to 1



MT2.1

(c) (i)

(ii)

(iii)
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Method I Multiplicationby P simplyreorders theentries of Accordingly I Px contains the same entries asthoseof but possibly in a different order Therefore notonlyis the mean but also the variance of f identical to theircounterparts in This explanation is suffilient for a i C Ii
Method I See theexplanation in a it

Method I
g

Px Mx T P 1 1
notethatwe showedMyMxin 1411

g EPIMINE MI KEEP III
ITA nm see the nextpage

for athirdmethod

G
I M MSC M I
G MIT F My IMI Px MI IP GII M

n n

mxItIIEEIaiII IPa nmE INI
n

my
M



MT 2.1 c il Method II

y
P My III III But IP I because

each column of P has a
single 1 andallotherentries zero So itsums to 1 Accordingly

My TPI III µ My
Multiplicationby P
preserves the mean

ME 164Cii Method III
P L bx Phas row sums

Fatorout P

I
1 11 IIIIEFIII.IMHI

Transpositionreverses theorder

EENITPA
II.AM

TPIIFK HII

11

11 I GET



MT2.2

(a)

(b) (i)

(ii)

(c)
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E L f II similarly 1 14
1111 121114111 1 1 152 1 Similarly1111117

II 1154 FI
HHBy

EEEI I I

If then g β 4 228 which

is a contradiction as we've been toldthat I 22 inthe problem
statement

g PI My III t.IQ PI atIIEEII
My

α Mx β β My αMx
y α My αMx

I 1 11 55 1 FIB αK M αGMI αI

In YET III Wealready knowthat
0

Since 2 22 it must bethat 111
is a linearly

independentset Same for I In 1R a basis consistsonly
of a pairof linearly independentsetof vectors

So each of 41
and 911 forms a basis This means IE spank and Espan II
This translates to I α β1 and 1 11 81 for some α β 7 and8 ER



MT2.3

(a)

(b)
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a is a unit vector 91 1 We also notethat

a and oz have nonoverlapping nonzero entries so 9,92

9219 This means 22 92 12 4 15111
FIFER R

It's onlyfor that we must applytheformulaoftheGramSchmidt
Algorithm 33 93 29319,7 493112 82
Note that caitiff

o 71 and43127 1
5
123 93 1 12 1 121 1 2 LEIFHEIT
151 RE 13 1 1
Method I Note that 1 12 L 11 2 4 1

I

1 291 292 0.93 2
b

1 1 2 For a longer method using
back substitution see the
next page



MT 2.3 b Method I

In part a we determined

1 1 p E

Recall Egn and its simplified numeric form

Egn A from part a

33 93 9311,7 293112712

23 93 I 82
Also V3

1 33 1131193

93 82 123
We can now write

1992 933 9 1273 1 of I

If 954 12

Ax L ARE L EERI QTL RA QI



We now have an upper trian alar system

1 1 1111 III
1 IE 1
Start from the bottom

0 If
Penultimate Equation

Fk I ff
First Equation

2 421
So the solution to Ax L is f just
as we had determine usingMethodI
Method II thoughmuch longer handles a much

broader class of problems than Method I So it
should be in your arsenal



MT2.4

(a)

(b)
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ate a Ilk 51 0

D Ma
b Ma O Ib Mate M Ia a'b

Ma aM b P k where

P a ate at

P a Catas a yay eat
11911 aI

The outer product eat is a rank P matrix Every
column of got is a scaled version of 9

P is a scaledversion of a rank P matrix so it too

has rank 1 rank P I



MT2.4

(c) (i)

(ii)

(d)
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P at PI 99T LIFEP

PIPS

PE a a a at alatai at P
Now look at P P PEEPP P P PEP
Continuingwehave PKP ke 12,3 Geometrically this

means that once a vector k is projectedonto span a through

thetransformation b Pk repeatedapplications of Pt I
will not move it In fact anymatrix P that

satisfies PIP is
called a projection matrix If in addition PIP it'scalledan orthogonal
rejection

Py E II 0 911

a is orthogonal toy



MT2.4

(e) (i)

(ii)

(iii)

(iv)
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S I P S I P EP I P P
PFEIL

P

S I P By a similar reasoning as was used in
1 ii SES kE 1,2
In fact SI IIPT I P S
So S I P is an orthogonal projectionmatrix as well

P1 2
52 I P 1 If II L

51 2

We found earlier that y a if Py Q Here we

learn that 5 1 P projects vectors ontothe subspace
of

IR that is orthogonal to span1a

As the hint suggests let IER be such that 51 2 i.e

VENIS This means I P 5 0 I PI Fromhere
we can argue in two ways I PEE span a since P projects

anyvector onto span a
So if after that projection I PE it

means I Espan a tobeginwith I EPI a

So Pa where β fatet If EIR respanca
NCS span a dimV15 P Claim rank 5 n dimers n

Construct a basis 4 9,2 for IR ByGram Schmidt we
can constructthisbasis to be orthogonal that is Z tzj.fi jWedon'tneedthemto be unit norm in thispart And venter i R

can bewritten as 1 55 2 1 51 ETISE 951
Notethat if 219 Pz D SE I P 2 2 Z SE 3 in in t

If IS si



MT2.5

(a)

(b)

11

I

W I II III 11

WE 3
Let IDW 4 I 4 2 34 4 2

I 4 1 2

Let L where 0 Hence 2 but C 2 0

Alternative we can make and x2 have opposite signs
so forexample 2 0 x This means x x2 O

LI 44 2 0 which violates the nonnegativity
property of an inner product

So CALSE 1 is not an inner product



MT2.5

(c)

(d)

(e)
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This problem explores weighted inner products
C IN IWI where W is a weighting matrix thatmust
be chosen properly The firstthreepropertiesofan innerproduct

W I are satisfiedtriviallyfor this matrix w
So we focus on nonnegativity see nextpage

Let b forbonus
a b 1 G a b 212 f a 2n b b a 2b

2a ab bat 262 2m Lab 262
The hintsuggests that we rewrite this as

XR 2ab b A a 2ab b

1 4 92 219Mab Atm h
2 92 2 ab 2 62

4 2

11 292 296 262 1 a42 2442 0 w

I f if M
D

W
w win Let wi Jie 1 in

Let i ith e in unit vector Then

EWE Note Wei Wi the ithcolumn.tw So

t.TW i EFWi Wii O Even though 1 1 we'vefound

that ISW ceiieisw w.io Violates thenonnegativityproperty

If WEW an ER is not invertible then its
columns are linearly dependent Accordingly there exists

a

a nonzero ventor suit that We x y 2 Therefore

ÉW 2 0 even though It The nonnegativity
property doesn'thold



Consider a proposed inner product

I IWI
Properties ii and iii hold regardless of W

ii 2 Z KITWE ITWz
WE LINE
LI ZI LIE

Iiii CI I KITWE a WI CCE.IN

What about Property i

beingtransposed9 Y IW WE
T xw̅̅I

But CAIN TWI
If W WT i.e if W is symmetric then clearly

42112 IW xI II
C IN



But WeWT is also a necessary condition
To see this assume WEW WIN O

nan matrix
of zeroes

22 INTI LE w
G ÉWI IWI

17W IWI
I 17W If XT WIN I xTΔI where Δ WEW

For I xIW to be an inner product

Δy must be zero for all I andy in IR not

merely for a cherrypicked
setof andy

Since Δ WIW 0 assume without loss of

generality that its g th entry Sig 0 Then

use y ej and I e in

22,12 CIT IΔ1 ÉΔEj Sij O
This shows that if WFW 21,12 does not
satisfy Property i and hence is not an inner
product

92 4 NEW


